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Abstract
We construct rotating boson stars in (4+1)-dimensional asymptotically Anti-de Sitter space-time (aAdS)
with two equal angular momenta that are composed out of a massive and self-interacting scalar field. These
solutions possess a single Killing vector field. We construct explicit solutions of the equations in the case
of a fixed AdS background and vanishing self-coupling of the scalar field. These are the generalizations of
the oscillons discussed in the literature previously now taking the mass of the scalar field into account. We
study the evolution of the spectrum of massive oscillons when taking backreaction and/or the self-coupling
into account numerically. We observe that very compact boson stars possess an ergoregion.
PACS Numbers: 04.40.-b, 11.27.+d, 11.25.Tq
1 Introduction
Anti-de Sitter space-time (AdS) is the unique ground state in the family of all possible asymptotically AdS
space-times (aAdS). It was shown that Minkowski space-time is non-linearly stable [1] and hence perturbations
stay small due to dissipation. While AdS is linearly stable [2] a general result on the non-linear stability does
not yet exist for AdS. In fact, since AdS can be seen as a finite box, one would expect small perturbations
to bounce of the conformal boundary, to interact with themselves and lead to instabilities. This problem was
recently tackled numerically and it was conjectured that a large class of arbitrarily small scalar perturbations in
(3+1)-dimensional AdS leads to the formation of black holes [3]. This was later extended to higher dimensions
[4] It was found that this is related to the fact that energy is transferred to smaller and smaller scales and was
confirmed for gravitational perturbations as well [5]. This is a quite interesting observation since the formation
of a black hole in AdS can be interpreted as thermalization in the boundary field theory via the AdS/CFT
correspondence [6]. Despite this evidence a large number of aAdS solutions exists that are non-linearly stable
[7]. The prime example are boson stars in aAdS. Boson stars are solutions to gravitating scalar field models
and exist due to their periodic time-dependence which leads to a conserved Noether charge related to the U(1)
symmetry of the model. Boson stars can be constructed with and without scalar potential and boson stars in
aAdS exist even for massless scalar fields without self-interaction. To distinguish these from the solutions that
we discuss in our paper we refer to these latter solutions in the following as minimal boson stars. For minimal
boson stars Newton’s constant as well as the AdS radius can be scaled to unity and no (dimensionless) coupling
constants exist that can be varied continuously. This is different for a massive scalar field with self-interaction
studied in this paper. The potential parameters can be scaled to unity such that two dimensionless couplings
remain: the ratio between the energy scale of the scalar field and the Planck mass as well as the ratio between the
1
mass of the scalar field and the negative cosmological constant. Then, families of solutions can be constructed
that display a much richer spectrum than for the minimal case.
Spherically symmetric, non-rotating minimal boson stars in aAdS have been first discussed in [8] and for
a massive, self-interacting scalar field and in a various number of spatial dimensions in [9, 10]. The non-
linear stability of spherically symmetric, non-rotating minimal boson stars in (3+1)-dimensional aAdS has been
discussed in [13, 14] and it was found that the fundamental as well as the first few radially excited solutions are
non-linearly stable.
Most studies of boson stars in aAdS have been concerned with non-rotating solutions. However, studies of
rotating and/or non-spherically symmetric solutions in aAdS might shed further light on the stability of AdS.
As such rotating boson stars in (2+1)-dimensional aAdS have been discussed [15] as well as axially symmetric,
rotating charged boson stars in (3+1)-dimensional aAdS [16]. In (4+1)-dimensional asymptotically flat space-
time rotating boson stars possessing only one Killing field have been constructed [17]. The model consists of
a doublet of complex scalar fields minimally coupled to gravity which is only invariant under a specific linear
combination of the Killing symmetries of the metric. This idea was used to construct black holes with scalar
hair in (4+1)-dimensional aAdS that are neither axisymmetric nor stationary [18]. It was also shown that Kerr
black holes with scalar hair in 4-dimensional asymptotically flat space-time can be constructed using similar
principles [19]. This demonstrates that the existence of black holes that are neither axisymmetric nor stationary
is not a peculiarity of aAdS.
Rotating minimal boson stars in aAdS have been constructed in higher dimensions [20]. It is also of interest
(with view to the holographic interpretation in the context of the AdS/CFT correspondence) to construct aAdS
solutions in higher order gravity models. The first step in this direction was taken in [21] with the construction
of Gauss-Bonnet (GB) boson stars in asymptotically flat space-time. This was extended to rotating GB boson
stars including the aAdS case [22]. In this latter paper it was conjectured that rotating GB boson stars do
not exist for large values of the GB coupling. This conjecture has been confirmed recently for d = 5, 6, 7, 11
space-time dimensions in [23] for minimal GB boson stars. A perturbative as well as numerical approach has
been used. The expansion of the solutions indeed demonstrates that the solutions cease to exist at a critical
value of the GB coupling.
The aim of this paper is to discuss the non-perturbative aAdS rotating boson star solutions of a model with
a massive, self-interacting scalar field. Next to the fundamental solutions we also construct radially excited
solutions.
Solutions that possess angular momentum can suffer from a superradiant instability [24]. If an ergoregion
is present in the space-time of these rotating solutions infalling bosonic waves are amplified when reflected.
This is very similar to the Penrose process which allows for energy extraction from a rotating black hole since
the asymptotically time-like Killing vector becomes space-like inside the ergoregion. As pointed out in [24] the
important ingredient is the presence of a reflecting mirror. Since aAdS can act as such a mirror one would
expect such instabilities to be present for rotating black holes in AdS. As such the Kerr-AdS black hole was
conjectured to be unstable for large rotation parameter a = J/M [25] and the issue was further discussed in
[26, 27, 28]. While here we are not dealing with black holes, we would expect that the existence of ergoregions
leads to a similar amplification of scalar bosonic waves as in the case of black holes. We have hence investigated
whether such ergoregions exist in our case, however leave the discussion of the superradiant instabilitiy of our
solutions for future work.
Our paper is organised as follows: in Section 2, we discuss the model. In Section 3 we discuss the solutions
and put specific emphasis on the stability of the boson stars. In Section 4 we conclude.
2 The model
The model we are using for the construction of rotating and radially excited boson stars in aAdS reads
S =
1
16πG
∫
d5x
√−gm (R− 2Λ + 16πGLmatter) , (1)
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where Λ = −6/ℓ2 is the cosmological constant, gm denotes the determinant of the metric tensor andM,N,K,L ∈
{0, 1, 2, 3, 4}. The Lagrangian density for the matter fields Lmatter reads :
Lmatter = − (∂MΦ)† ∂MΦ− U(|Φ|) , (2)
where Φ denotes a doublet of scalar fields : Φ = (φ1, φ2)
t. We choose a self-interaction potential of the form
U(|Φ|) = m2η2
(
1− exp
(
−|Φ|
2
η2
))
= m2|Φ|2 −m2η2
∞∑
n=2
(−1)n
n!
( |Φ|2
η2
)n
(3)
where m denotes the scalar boson mass and η is an energy scale. This type of potential was used previously in
the construction of spherically symmetric boson stars in aAdS [9, 10]. This potential is a continuous version of
a scalar field potential that appears in gauge-mediated Supersymmetry (SUSY) breaking [11, 12]. In the second
equality in (3) we have separated the mass term from the self-interaction terms in the potential.
The coupled field equations for matter and gravity are obtained from the variation of the action with respect
to the matter and metric fields respectively, leading to
1√−gm ∂M (
√−gm∂MΦ) = ∂U
∂Φ†
, GMN + ΛgMN = 8πGTMN , (4)
where TMN is the energy-momentum tensor given by
TMN = gMNLmatter − 2∂Lmatter
∂gMN
. (5)
Our aim is to construct rotating boson stars in aAdS. In general, such a solution would possess two in-
dependent angular momenta associated to the two orthogonal planes of rotation present in (4+1)-dimensional
space-time. Here we restrict to the case of equal angular momenta. The symmetry of the solution can then be
enhanced and the Ansatz for the metric reads [17]
ds2 = −b(r)dt2 + 1
f(r)
dr2 + g(r)dθ2 + h(r) sin2 θ (dϕ1 −W (r)dt)2 + h(r) cos2 θ (dϕ2 −W (r)dt)2
+ (g(r)− h(r)) sin2 θ cos2 θ(dϕ1 − dϕ2)2 , (6)
where θ runs from 0 to π/2, while ϕ1 and ϕ2 are in the range [0, 2π]. The corresponding space-times possess
two rotation planes at θ = 0 and θ = π/2 and the isometry group is R × U(2). The metric above still leaves
the diffeomorphisms related to the definitions of the radial variable r unfixed. We will later fix this freedom by
choosing g(r) = r2. For the scalar doublet we choose
Φ(r, t) = φ(r)eiωtΦˆ (7)
where Φˆ is a doublet of unit length that depends on the angular coordinates. For solutions without orbital
angular momentum we choose
Φˆ = (1, 0)T , (8)
while for rotating solutions we have [17]
Φˆ =
(
sin θeiϕ1 , cos θeiϕ2
)T
. (9)
In this latter case the boson star solution possess only one single Killing vector field. While the metric (6) has
three commuting Killing vector fields ∂t, ∂ϕ1 , ∂ϕ2 [17], the scalar doublet of the rotating solution with (9) is
only invariant under one possible combination of these vectors [18], namely under
∂t − ω (∂ϕ1 + ∂ϕ2) . (10)
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The mass M and angular momenta J1 = J2 ≡ J can be found by using the appropriate Komar expressions.
They can equally be read off from the asymptotic expansion of the matter and metric fields [17]. These are
given by
f(r ≫ 1) = 1 + r
2
ℓ2
+
M˜
r2
+O(r−4) , b(r ≫ 1) = 1 + r
2
ℓ2
+
M
r2
+O(r−4) (11)
h(r ≫ 1) = r2 +O(r−2) , W (r ≫ 1) = J
r4
. (12)
At the same time the scalar field function behaves like
φ(r ≫ 1) = φ0
r∆
, ∆ = 2 +
√
4 + ℓ2m2 (13)
in the case of asymptotically AdS (Λ < 0) and
φ(r ≫ 1) ∼ 1
r
3
2
exp
(
−
√
1− ω2r
)
+ ... (14)
in the case of asymptotically flat solutions (Λ = 0), respectively.
The parameters M˜, M, and J have to be determined numerically and then give the mass M and angular
momentum J of the solutions :
M =
π
8G
(
M˜ − 4M
)
, J =
π
4G
J . (15)
Interestingly, the Ansatz here is such that the angular momenta are proportional to the Noether charge Q
associated to the global U(1) symmetry Φ → eiαΦ of the solutions. The locally conserved Noether current
reads
JM = −i (Φ†∂MΦ− ∂MΦ†Φ) , M = 0, 1, 2, 3, 4 . (16)
with the globally conserved Noether charge given by
Q = −
∫ √−gmJ0d4x . (17)
As was shown in [17] the angular momentum J is related to Q by J = Q/2.
Inserting the Ansa¨tze into the equations of motion (4) leads to a set of coupled non-linear ordinary differential
equations which are very involved, this is why we do not present them here. However, these can be easily
reconstructed by applying the variational principle to the reduced 1-dimensional action which can be found
from (1) by using the explicit expression
√−gm = r2 sin θ cos θ
√
bh
f
, (18)
R =
f
b
(
b′g′ +
g
2h
b′h′ +
b
2g
(g′)2 +
b
h
g′h′ +
1
2
gh(W ′)2 +
2b
f
(
4− h
g
))
(19)
and
Lmatter = −f(φ′)2 − φ2
(
2
g
+
1
h
)
+ (W + ω)
2 φ
2
b
− U(φ) (20)
Here and in the following the prime denotes the derivative with respect to r. Fixing the metric gauge by
g(r) = r2 leads to a system of four coupled equations for the functions f , b, W and φ plus a constraint. The
equation for f is first order, while all the other equations are second order. the constaint is fullfilled as a
consequence of the equations. Accordingly, nine boundary conditions have to imposed.
Four of these conditions follow from the regularity of the solution at the origin
f(0) = 1 , b′(0) = 0 , h˜′(r = 0) = 0 , W ′(0) = 0 , φ(0) = 0 (21)
where, for convenience, we set h˜(r) ≡ h(r)/r2. On the conformal boundary we impose the behaviour given in
(11), (12) and (13).
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3 Boson stars without self-interaction and massive oscillons
In the case of a fixed AdS background (G ≡ 0) and without a scalar field potential it was shown that the scalar
field equation possesses so-called oscillon solutions [3] which act as a basis in AdS. These solutions have been
generalized to higher dimensions [4] as well as to the rotating case [7]. Here we will show that this result can be
extended to include the mass of the scalar field. Taking only the mass term in (3) into account, i.e. neglecting
any non-linear terms in the potential, the scalar field equation in a fixed AdS background reads:
∂x
(
x3f∂xφ
)− x3φ(3δj1
x2
− ℓ
2ω2
f
)
− ℓ2m2x3φ = 0 , j = 0, 1 , f(x) = 1 + x2 , x := r
ℓ
(22)
where j = 0 corresponds to the non-rotating and j = 1 to the rotating case, respectively. This equation has
solutions in terms of massive oscillons which can be given as follows
φk(x) = ckx
j(1 + x2)−2−α−j/2 2F1
(
4− ℓω + j
2
+ α,
4 + ℓω + j
2
+ α; 3 + 2α,
1
1 + x2
)
, k = 0, 1, 2, 3.... (23)
with
α = −1 +
√
1 + ℓ2m2 . (24)
The φk(x) act as a basis in the sense that every solution of the equation (22) can be written as a linear
superposition of the basis functions (23). Since we want the hypergeometric function 2F1 to behave regular
at the origin, we need to require (see e.g. [29])
ℓω = 4 + j + 2α+ 2k , k = 0, 1, 2, ..... . (25)
The ck in (23) are suitable constant to be fixed by the boundary conditions. Note that the value of ω is
fixed by the choice of m2, ℓ2 and k such that the spectrum of the oscillons does not depend on ck. This is
reminiscent of a zero-mode, i.e. a continuous family of solutions that all have the same energy. We show the
first three massive oscillon solutions with m2 = 2 for the non-rotating case in Fig.1. We note that the difference
between the profiles of the massless and the massive oscillons is small. The inlet shows the profiles of a massive
and a massless oscillon for k = 2, respectively.
When either the self-interaction of the scalar field and/or backreaction of the space-time is taken into account
the equations of motion become non-linear and the spectrum (25) will change. We follow the literature and call
the resulting solutions boson stars in the following as compared to the analytically given solutions of the linear
scalar field equation which we refer to as massive oscillons.
4 Gravitating and self-interacting boson stars
Considering now the full scalar field potential (3) as well as the case G 6= 0 the set of coupled scalar and
Einstein equations can no longer be solved analytically. We have hence solved this system of coupled differential
equations subject to the appropriate boundary conditions using an adaptive grid Newton-Raphson scheme [30].
The solutions are constructed with relative errors which are typically on the order of 10−7 − 10−9.
The coupled scalar field and Einstein equations depend on four constants: the gravitational coupling G, the
cosmological constant Λ (or the Anti-de Sitter radius ℓ), the mass of the scalar field m and the energy scale η.
While in the discussion on massive oscillons we kept all constants we find it useful for our numerical calculations
to redefine the radial variable r, the scalar field φ and the frequency ω according to
r → r
m
, φ→ ηφ , ω → mω . (26)
The equations then depend only on two dimensionless coupling constants given by
κ ≡ 16πGη2 , Y ≡ 1
m2ℓ2
. (27)
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Figure 1: We show the first three massive oscillon solutions with normalisation such that φk(0) = 1 and for
m2 = 2. The small inlet shows the difference between the massless oscillon (m2 = 0) and the massive oscillon
(m2 = 2) for k = 2.
In principle, we have thus four parameters to vary: Y , κ and ω (or equivalently φ′(0)), which take on continuous
values, as well as the number of nodes of the scalar field function, which takes on discrete values. This is a large
parameter space and we have in the following restricted ourselves to specific values of these parameters that we
believe capture the main qualitative features of the model. In particular, we are interested in understanding
the deformation of massive oscillons mentioned above.
Using the Ansatz (8) for the scalar field we recover the known non-rotating boson stars. These have been
studied in several papers [8, 10, 20]. In this paper, we concentrate on the rotating solutions by using the Ansatz
(9). The asymptotically flat case (Y = 0) has been studied in [17] for both κ = 0 and κ > 0. The specific
Ansatz for the scalar field function that leads to solutions with only one Killing vector was introduced for the
first time in that latter paper, where a 6th order scalar potential was used. The potential (3) used in this paper
possesses a mass term as well as a full series of powerlike interactions encoded in the exponential. In particular
this implies that the scalar field equation becomes non-linear (even for G = 0). The non-linearity then leads to
the fact that the value of φ(0) for the non-rotating case or φ′(0) in the rotating case, respectively, is no longer
a free parameter but fixes the value of ω (for given values of m2 and ℓ). Hence, the zero-mode in the oscillon
spectrum disappears in the non-linear case. We have first been interested in the modification of the oscillon
spectrum. For this purpose we have studied a specific solution with fixed φ(0) or φ′(0), respectively.
4.1 Change of the spectrum in the non-linear case
First, we have studied the modification of the spectrum (25) for κ 6= 0, i.e. taking backreaction of the space-time
into account, but neglecting self-interaction of the scalar field. Our results are shown in Fig.2 where we compare
the analytically given oscillon spectrum (25) for κ = 0 with the numerically calculated boson star spectrum for
κ = 0.5 in the non-rotating case (j = 0).
We clearly observe that ω decreases for all k when increasing the backreaction of the space-time, however,
the qualitative dependence of the spectrum on the mass of the scalar field is very similar.
There is one important point to mention here. While the value of ω is fixed by the choice of the remaining
(dimensionless) parameters in the model in the linear case this is different for the non-linear case (here the
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Figure 2: We show the spectrum of the first three boson stars (k = 0, 1, 2) for the non-rotating case (j = 0) as
function of 1/Y for κ = 0.5. We compare this to the spectrum of the first three oscillons (κ = 0). Note that
the corresponding scalar field profiles have all φ(0) = 1.
gravitating case, but similar arguments apply when including the self-interaction of the scalar field). In the
linear case, we can fix the value of φ(0) at will, the spectrum will not change. However, in the non-linear case
the modes mix and ω is now depending on the choice of φ(0). For Fig.2 we have chosen φ(0) = 1. If we had
chosen a different φ(0) the spectrum would change. To state it differently: in the non-linear case we have a full
band of values ω ∈ [ωmin : ωmax] for a given value of 1/Y , while for the linear case of a massive scalar field in a
fixed AdS background one unique value of ω exists for each 1/Y .
Our discussion above is done for the non-rotating case. In the rotating case, which we are mainly interested
in here, we have to fix φ(0) = 0 to ensure regularity on the axis of rotation. Hence, we use φ′(0), the derivative
of the scalar field function at r = 0, and construct solutions varying this value. Our results are discussed in the
following.
4.2 Mass and charge of rotating boson stars
In the following we will discuss solutions taking the full potential (3) into account and comparing the cases of a
fixed AdS background (κ = 0) and a back-reacting space-time (κ > 0), respectively. We have first studied the
dependence of the physical quantities on the parameter φ′(0) that we have mentioned above. Our results are
shown in Fig. 3 where we give the dependence of the charge Q and of the frequency ω on the parameter φ′(0)
for different values of Y .
We observe (in agreement with the discussion above) that for each choice of the parameters κ and Y a family
of solutions in the frequency ω can be constructed. The frequency, however, can only take values inside a given
interval ω ∈ [ωmin : ωmax]. For ω close to the maximal frequency ωmax the scalar field is spread over a large
interval of the coordinate r and φ′(0), the derivative of the scalar field function at the origin is very small. In
the other limit ω → ωmin the scalar field becomes very strongly concentrated at the origin with φ′(0) becoming
very large. In this limit, the boson stars have hence large central densities.
Furthermore, the case Y = 0 is qualitatively different from the case Y 6= 0. Let us first discuss the case
Y > 0. Here solutions with large values of φ′(0) can be constructed easily. The mass and charge increase
7
(a) ω in dependence on φ′(0) (b) Q in dependence on φ′(0)
Figure 3: We show the dependence of the frequency ω (left) and of the charge Q (right) on φ′(0) for κ = 0.
regularly when increasing φ′(0). In the limit φ′(0)→∞, the term due to the potential in the equation becomes
very small and the value of ω approaches the one of the oscillon. The limit φ′(0)→ 0 is more subtle. Indeed the
AdS vacuum is approached, in particular the mass M and the charge Q tend to zero. In the case Y = 0, κ = 0
the solutions have an upper bound for φ′(0) = φ′(0)c (we find φ
′(0)c ≈ 2.8). This has already been observed
previously [17] and can be understood when looking at Fig.3(b). At the approach of φ′(0)c the charge Q and
hence the angular momenta J diverge. Our numerical analysis also indicates that in this limit the radius of the
boson star becomes large. Since there is no force that counteracts the centrifugal force in this case the solution
ceases to exist. Note that this is different in AdS space-time, where an attractive force counterbalances the
rotation and hence solutions with much larger φ′(0) exist.
In order to further interpret the results it is also useful to study the mass and the charge as functions of
the frequency ω. This is shown in Fig.4 for a fixed AdS background (κ = 0) as well as for a back-reacting
space-time (κ = 1). In a fix AdS background both M and Q tend to zero in the limit ω → ωmax, while in the
limit ω → ωmin both mass and charge tend to infinity independent of the choice of Y . As far as the numerical
values of ωmin and ωmax are concerned we find that |ωmax − ωmin| decreases with increasing Y . Also note that
for small values of Y the solutions exist for ω < 1. At ω = 1 our results suggest that the mass and charge
of the solutions in an AdS background have a similar mass and charge than the solutions in flat space-time.
Furthermore, our results clearly suggest that the value of ωmax is independent of κ and that at this value both
the mass and the charge of the solutions tend to zero. Decreasing ω from this maximal possible value we find
that a spiraling behaviour typical for boson star solutions appears. The first branch of solutions exists down to
ωmin and then extends backwards in ω to form a spiral. On the first branch the solutions reach their maximal
possible mass and charge. These values increase with decreasing Y . Furthermore we find that the extend in ω in
which the solutions exist decreases with decreasing Y . Our numerical results also suggest that these qualitative
features are quite generic and do not depend much on the actual value of κ > 0.
Our above discussion on oscillons suggests that radially excited rotating boson stars should exist. These
solutions possess a number k of nodes of the scalar field function. We have constructed these solutions nu-
merically for k = 1, 2, 3, 4 and present the results in Fig.5 for κ = Y = 0.1. We give the mass and charge of
the radially excited solutions and compare them to the fundamental solution with no nodes of the scalar field
function (k = 0). All solutions have mass and charge tending to zero at the maximal value of the frequency ω.
In agreement with our results on oscillons we find that the maximal frequency ωmax increases with the number
of nodes. The maximal value of the mass and charge is also a decreasing function of the number of nodes. This
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(a) κ = 0 (b) κ = 1
Figure 4: We show the dependence of the mass M (black) and charge Q (red) of rotating boson stars in a
fixed AdS background (κ = 0, left) and in a back-reacting space-time (κ = 1, right) for different values of
Y in dependence on the frequency ω. The corresponding values for the asymptotically flat case (Y = 0) are
supplemented (dashed black and red lines, respectively). Note that the angular momentum is given by J = Q/2.
implies as well that the maximal possible angular momentum J = Q/2 decreases with increasing node number.
Hence, the radially excited boson stars cannot have angular momentum as large as the fundamental ones.
Now using the knowledge that AdS is linearly stable [2] we can say something about the stability of the
solutions. Since catastrophe theory tells us that the stability of solutions remains the same on given branches
and changes only at cusps, we can conclude that the branch of rotating boson stars connected to the AdS
vacuum (M = J = 0) is stable. For κ = 0 no further branch exist, hence rotating boson stars in a fixed AdS
background are linearly stable. For κ > 0 a second branch exists that joins the first one at a cusp. This branch
is not connected to the AdS vacuum and we would hence expect the solutions on the second branch (with higher
mass M for given J as compared to the first branch) to be unstable.
5 Stability and ergoregions
5.1 Stability arguments from catatrophe theory
Catastrophe theory [31, 32] has been widely used to study the stability of boson stars (for a recent use of the
arguments see [33]). The original idea of catastrophe theory is the study of critical points of a given potential
which itself depends on a number of independent variables, so-called control variables. In addition there are
so-called behaviour variables such that the vanishing of the derivative of the potential with respect to these
latter variables characterizes the equilibrium situation. In this equilibrium situation the change of stability
occurs if the derivative of one of the control variables with respect to the behaviour variable changes signature.
In [32] the “potential” was chosen to be the total Hamiltonian (which was shown to be proportional to the
gravitational mass of the solution), since the variation of this quantity with respect to the scalar field and
the metric functions, respectively, gives the equations of motion. The control variables were chosen to be the
gravitational coupling as well as the charge of the solution. The behaviour variable was chosen to be ω. A very
similar startegy can be applied in our case here. The Hamiltonian energy would be equivalently defined and can
be shown to agree with the gravitational mass M . Note that this applies also for the AdS case. This is related
to the fact that in computing the Hamiltonian energy one would have to introduce a boundary counterterm in
9
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Figure 5: We show the mass M (dashed) and the charge Q (solid) as function of ω for fundamental (k = 0)
and radially excited rotating boson stars with k = 1, 2, 3, 4 nodes of the scalar field function. Here κ = 0.1 and
Y = 0.1.
(a) κ = 0 (b) κ = 0.05
Figure 6: We show the values of the mass M in dependence on the angular momentum J for different values of
Y and in a fixed AdS background (κ = 0, left) and in a back-reacting space-time (κ = 0.05, right). Note that
all curves extend to M = J = 0 which corresponds to the AdS vacuum.
order to render the integral finite. However, since it is the energy of the solutions to the equation of motion that
is used and the variation of the boundary term does not contribute to the equations of motion, the gravitational
mass read off from the behaviour of the metric functions on the AdS boundary remains proportional to the
Hamiltonian in the equilibrium case. Below we will use these arguments choosing as a behaviour variable the
angular momentum J = Q/2 and as control variables the parameters κ and φ′(0) that describe the solution
uniquely.
In Fig.6 we show the dependence of the mass M on the angular momentum J for different values of Y and
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Figure 7: We show the values of the mass over the charge M/Q in dependence on the angular momentum J
for κ = 0.025 and two different values of Y . The three crosses in the case Y = 0.0050 (black) correspond to the
solutions shown in Fig.8. The solution marked by the cross at the smallest value of J possesses an ergoregion
(see Fig.8 for more details).
in a fixed AdS background (κ = 0) as well as in a back-reacting space-time (κ = 0.05). In both cases the curves
extend all the way down to M = J = 0 which corresponds to the AdS vaccuum. In the case κ = 0.05 a second
branch of solutions exists that has higher M for a given J and joins the branch connected to the AdS vacuum
in a cusp at the maximal possible value of J .
5.2 Ergoregions
Since our solutions are rotating, we would expect that ergoregions appear. This would make it possible to
amplify incident scalar waves in a process very similar to that for rotating black holes. Since the conformal
boundary of AdS provides a “natural mirror” on which waves would bounce of and interact again with the
interior of the space-time it has been suggested that in the latter case this could lead to a “black hole bomb”
[24, 28]. In asymptotically flat space-time it has been argued that the appearance of ergoregions leads to a
superradiant instability of boson stars [34]. We believe that a very similar argument holds in AdS, since it is
the behaviour of the metric functions close to the boson star core that matters for this instability to appear and
not the asymptotic behaviour of the space-time.
The ergoregion of the rotating boson star in 5 dimensions is different from that appearing e.g. in the 4-
dimensional Kerr space-time. In the latter, the radius of the ergosphere corresponding to the outer surface of
the ergoregion depends on the angular variable θ. This is related to the fact that in 4 dimensions only one plane
orthogonal to the axis of rotation exists. In 5 dimensions two such planes exist. In this paper we have chosen
both angular momenta of the solution to be equal. This enhances the symmetry and hence the radius of the
ergosphere is independent of angular coordinates. The role that the two equal angular momenta play is also seen
when considering the form of the metric tensor, see (6). The gtt component of the metric is independent of θ since
the terms depending on θ in the two angular-tenporal parts add up to one such that gtt = −b(r) + h(r)W 2(r).
Hence, the condition for the ergoregion, which reads gtt ≥ 0 (the ergosphere corresponding to the equality sign),
is also independent of θ. Note also that there is a crucial difference between the ergoregion appearing for black
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(a) −gtt (b) f(r) and b(r)
(c) h(r)/r2 (d) W (r) and φ(r)
Figure 8: We show the profiles of gtt as well as the metric functions f(r), b(r), h(r), W (r) and the scalar field
function φ(r) for the solutions marked by the crosses in Fig.7
holes and that for boson stars. The Kerr black hole always possesses an ergoregion. This is different for boson
stars. Rotating boson stars have an ergoregion only under specific conditions, which we will elaborate on in the
following.
Our numerical results indicate that ergoregions can appear for large values of the slope of the scalar field
at the origin, φ′(0) as well as sufficiently large values of Y . This is shown for κ = 0.025 in Fig.7, where we
give M/Q as function of J for two different values of Y . While for Y = 0.0025 we observe no ergoregion in
the range of J values plotted, an ergoregion appears on the second branch of solutions for Y = 0.0050. This is
the solution marked by the cross at the upper left corner of Fig.7. In order to understand this better, we have
also plotted the metric and scalar field functions for κ = 0.025 and Y = 0.0050 for different values of φ′(0).
In Fig.8 we show the gtt component of the metric, the metric functions f(r), b(r), h(r), W (r) as well as the
scalar field functions for the solutions marked by the crosses in Fig.7. We find that for this choice of parameters
and for φ′(0) & 10 the metric component gtt becomes larger than zero in a small region around the origin (see
Fig.8(a)). In this ergoregion the asymptotically time-like Killing vector becomes space-like. Interestingly, this
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Figure 9: We show the value of the charge Q in dependence on ω for fundamental rotating boson stars (a) and
in dependence on ω¯ := (exp(ω− 1))3 for fundamental and radially excited boson stars (b) for different values of
κ and Y . In (a) the value of Y is indicated by the vertical line at which the respective branches end with Q = 0,
while the curve with largest maximal Q corresponds to the smallest value of κ (and vice versa). Starting from
ωmax with Q = 0 and progressing along the branch the solutions possess ergoregions from the dot onwards.
happens for reasonably small angular momenta (J = 2100) corresponding to the cross close to the top of Fig.7.
We can also see what happens to the individual metric functions. The minimum of f(r) shifts to smaller values
of r and at the same time has smaller values when increasing the value of φ′(0), while the metric function
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Figure 10: We show the value of the charge Q in dependence on ω for fundamental rotating boson stars (a) and
in dependence on ω¯ := (exp(ω− 1))3 for fundamental and radially excited boson stars (b) for different values of
κ and Y . In (a) the value of Y is indicated by the vertical line at which the respective branches end with Q = 0,
while the curve with largest maximal Q corresponds to the smallest value of κ (and vice versa). Starting from
ωmax with Q = 0 and progressing along the branch the solutions possess ergoregions from the dot onwards.
b(r) has a decreasing value at the origin. The maximum of the function h(r)/r2 increases, the location of the
maximum of h(r)/r2 shifts inwards and the value of the function W (r) at the origin decreases. Finally, it is
very interesting to discuss the behaviour of the scalar field function. For increasing φ′(0) the maximum of the
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scalar field function increases, while at the same time the maximum is located at smaller values of r. Hence, we
conclude that in order for an eregoregion to appear we need to have the scalar field concentrated in a spherical
shell close enough to the origin and at the same time have large enough maximal values of the scalar field in
this spherical shell. This also explains why it is easier to obtain an ergoregion when increasing Y : choosing Y
larger essential means decreasing the AdS radius in comparison to the physical length scale of the scalar field
∼ 1/m2 and hence confining the scalar field in a smaller AdS “box”.
Note that following our arguments about the stability, these are solutions on the second branch of solutions
which we would hence expect to be unstable evoking arguments from catastrophe theory. This seems to be a
generic feature. Hence, in Fig.10 we show for which values of the mass and charge the ergoregions appear. In
Fig.10(a) we show the region around ω = 1 in more detail by plotting Q as function of ω¯ with ω¯ := (exp(ω−1))3.
In order to understand whether a boson star solution with an ergoregion could hence form at all requires
a study of the full time-dependent problem modelling the formation of boson stars in a dynamical process. It
can surely not be excluded that unstable boson star solutions form. The question that remains to be answered
is then whether these unstable boson stars exist long enough to be interesting. To answer this question is,
however, beyond the scope of this paper.
6 Conclusions
In this paper we have presented self-interacting boson stars with only one Killing vector field in aAdS. In
contrast to previous studies of rotating boson stars in aAdS our solutions are composed of massive and self-
interacting scalar fields. We find that explicit solutions of the scalar field equation in a fixed AdS background
exist if the scalar field possesses mass only and no self-interaction. These are the generalisations of the oscillons
previously discussed for the massless case [3, 4, 7]. The self-interaction and/or back-reacting space-time render
the equations of motion non-linear and the solutions have to be constructed numerically. We have studied the
solutions in dependence on the (dimensionless) gravitational coupling and the AdS radius, which are both scaled
to unity in [18, 20, 23]. We construct fundamental as well as radially excited rotating boson stars and discuss
how the spectrum depends on the dimensionless parameters. We find that in the back-reacting case in general
two branches of solutions exist out of which one connects to the AdS vacuum such that the solutions are linearly
stable. The solutions on the second branch, however, should be linearly unstable. On this second branch of
solutions we find that ergoregions appear for large enough central density of the boson star. This likely signals
the existence of a superradiant instability of the solutions.
While aAdS boson stars composed of a massless scalar field are non-linearly stable [13] we are planing to
study the non-linear stability of out solutions in future work. wwe believe that the existence of a discrete
spectrum of massive oscillons will help to do so.
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